TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY

Volume 214, 1975

EQUISINGULAR DEFORMATIONS OF
PUISEUX EXPANSIONS

BY

AUGUSTO NOBILE

ABSTRACT. Parametrizations of a deformation (over a complete local ring)
of an irreducible algebroid curve are studied. With these parametrizations anoth-
er definition of equisingularity (equivalent to the known ones) is given, by using
their characteristic numbers. These methods are also used in the complex analy-
tic case. The following applications of these techniques are given: a proof of the
existence of a versal equisingular deformation in the complex analytic case; a
proof that an equisingular formal family of branches is determined by its v-trun-
cation (v large enough, depending only on the characteristic of the special fiber).

Introduction. We study certain questions of the theory of equisingular defor-
mations of an irreducible plane curve. The theory of equisingularity (or equiva-
lence) for plane curves was initiated (at least in modern language) by Zariski [15,
I'and II]. In the irreducible case, a possible approach to this theory is the use of
parametrizations (or Puiseux expansions) of a given branch and their characteristic
pairs (or numbers); see [15, III, §3], [16, §4]. Thus, a natural approach to study-
ing equisingular deformations of a branch is by using parametrizations, but defined
over rings rather than a field. Probably several people considered this approach;
for instance in a Harvard University seminar in the spring of 1972, Mumford pre-
sented some basic definitions of an equisingular deformation theory based on Pui-
seux expansions and proved that the corresponding functor is isomorphic to Wah!’s
functor (cf. [13]; here we present a different proof). However, as far as we know,
no systematic study of parametrizations over complete local rings has been pre-
sented, and that is what we do in §§1 and 2. The theory has some nice features;
for instance it allows us to make very explicit computations (hopefully this could
help to better understand certain problems, like questions of prorepresentability,
automorphisms of deformations, dimensions, etc.), and the convergent case can be
treated with similar methods. In §4 we discuss the complex analytic case. As an
application of these methods, we give, in §3, an elementary proof that a formal
equisingular family of branches (cf. Definition 3.1) is determined by its »-trunca-
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tion for v large enough and depending only on the characteristic of the special
curve. In §4 there is another application: we give a simple proof of the existence
of a versal complex analytic equisingular deformation of a branch which does not
use the convergence arguments that are common in theorems of this type.

The influence on this paper of Zariski’s work on equisingularity is obvious.
Aside from his published articles, we found extremely helpful some of his oral ex-
positions on the subject.

Finally, we want to thank the referee for a large number of suggestions and
corrections on a previous version of this work. (There are too many to enumer-
ate.)

0. Notations and terminology. Throughout this work, k will be an algebrai-
cally closed field of characteristic zero. The category of complete local k-algebras,
with residue field k, with the usual k-algebra homomorphisms (which are necessari-
ly local) as morphisms, will be donoted by A_; its full subcategory of finite dimen-
sional algebras (as k-vector spaces) by A. Given a category C, the class of objects
of C will also be denoted by C. Given a local ring 4, 7(4) denotes the maximal
ideal of A. The ring of formal power series in the variables x,, . . . , x,, with co-
efficients in the ring 4 is denoted by A[[x,, ..., x,]].

Given a power series o, its order is denoted by o(p). If o = Z72 mb,-t’,
where b,, # 0, then we say that b,, is the initial coefficient of . If 4 €A, fE
Allxy, . .., x,]], then res(f) denotes the power series in k[[x,, . .., x,]] ob-
tained from f by replacing each coefficient by its image (under the canonical ho-
momorphism) in k. Given ¢ € A[[¢]], its reduced order, denoted by o(y), is the
order of res(¢). Thus, o(¢) = o(p) means that the initial coefficient of ¢ is a unit.

Given an irreducible power series f, € k[[x, ¥]], the scheme X, =
Spec(k[[x, ¥]V(f,)) is called an algebroid branch, or simply a branch. Sometimes,
in an abuse of language, we shall call the ring k[[x, y]}/(f,), itself, a branch, or we
may even talk about “the branch f,”.

1. Deformations and parametrizations. Throughout §§1 and 2, £, will de-
note an irreducible power series in k[[x, ¥1].

DEFINITION 1.1 (2). Let A € A_; a deformation of f;, over A is a series f €
A[[x, 1] such that £(0, 0) = 0 and f, = res(f). (b) Two deformations f, f' of f,
over A are said to be similar if there are series u, o, § in A[[x, y]], where a — x,
B-y € M[[x, 1] (M =r(4)) and u is a unit such that

u(x, y) f'(alx, ), BCx, »)) = f(x, »).

REMARK 1.2. The usual word in this kind of situation is “equivalent” rath-
er than “similar”. Since we shall talk later “equivalent curves” in the sense of
Zariski (see [15, I]) we deviate from the usual terminology to avoid confusion.



EQUISINGULAR DEFORMATIONS OF PUISEUX EXPANSIONS 115

DEFINITION 1.3. (i) Let f(x, y) € A[[x, y]], where A € A,. A parametriza-
tion of f is a pair (p, ¥) of power series in A[[¢]] such that:

(@) f(e(1), ¥(0) = 0, 9(0) = ¥(0) = 0.

(b) The greatest common divisor of the exponents of ¢ in res(y) and res(y),
with nonzero coefficient, is 1; i.e., k[[res(¢), res(¥)]] is not contained in k[[£°] ]
for any s > 1.

(ii) A parametrization (v, ¥) is called strict if the initial coefficients of ¢
and Y are units.

DEFINITION 1.4. Two parametrizations (p, ¥), (¢', ¥') of f are called asso-
ciated if (¢, ¥") is obtained from (¢, ¥) by a substitution ¢ — a(t) = d,t +
d,t* + ..., where d, is a unit.

Recall that if A € A, and u is a unit of A4, then, for any natural number n,
there are nth roots of u in 4.

PROPOSITION 1.5. Let f € A[[x, y]] and (¢, V) a parametrization of f,
where o(p) = o() = n. Then there is an associated parametrization of the form
", (). If (¢, ¥'(2)) is another parametrization associated to (¢, V), then
V'(®) = Y(wt), where w is an nth root of 1.

ProoF. The proof for the case 4 = k given in [14, p. 95, Theorem 2.2], ap-
plies without changes (all we need is the existence of nth roots of units of 4).

PROPOSITION 1.6. Let A € A, f € A[[x, y]] be a deformation of fy, (¥, )
a parametrization of f, p : A[[x, y]] — A[[t]] the homomorphism satisfying
p(x) =¥, p(y) = ¢, P = Ker(p), A[[V, ¢]] = Im(p). Then:

@ P=W.

(b) For any ideal I of A, the canonical map o(l): A[[Y, ¢]] ®, A/l —
AV, ¢'1] (Where ' (resp. ¢") is obtained from Y (resp. @) by reducing the co-
efficients mod I) is an isomorphism.

PrOOF. We shall prove (a) and (b) simultaneously by induction on I =
dim, M, where M = r(4).

In the case I = 0, i.e., 4 = k, (b) is trivial and (a) is well known, since P
must be a prime ideal of height one in the unique factorization domain k[[x, y]].
Now we need

LEMMA 1.7. The following statements are equivalent:
(2) of Proposition 1.6;
(©) Allx, y1V/P is A-flat.

PrROOF OF LEMMA 1.7. The implication (a) = (c) is well known since

Allx, y1V(f) is Aflat [8,20.F]. To show that (c) = (a), note that clearly f € P,
hence we have a commutative diagram:
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0 — (f) = Allx, y11 = Allx, yIV() — 0
li id a
0— P —Allx, yl] = A[lx,»]V/P —0
(where i is an inclusion). Tensoring with k (over A) we get, using the fact that
A[[x, y]V/P = A[[V, ¢]] and (c), a commutative diagram with exact rows:

0— (fp) — kllx,y1] = A, »1V/(f)) ® k—0
o lid le®1
0—>P®k ']T’k[[x, yII— Allx, y1VP) & k —0
We claim that {;, is an isomorphism. It is clearly injective. To see that it is onto,
let v, = res(y), Yo = res(Y) (note that (Y4, ¢,) is a parametrization of f,) and
Po: kl[x, y11 — k[[t]] be given by py(x) = ¥4, Po(») = ¥o. Then we see that
Ker(py) = (f,). Obviously, Pk[[x, 1] C Ker(py) = (f,). We have

(fo) =jio((fo)) SJ(P ® k) = Pk|[[x, y]] - (fo)
Since j is injective, i, is onto.

Then a @ 1 is an isomorphism, i.e., A[[x, ¥]}/(f) and A[[x, y]V/P are iso-
morphic mod M. Since M is a nilpotent ideal and A[[x, y])/P is A-flat, it follows
that a is an isomorphism [10, Lemma 3.3]. Hence, (f;) = P. This proves the
lemma.

CONTINUATION OF THE PROOF OF 1.6. Now we prove the inductive step.
Assume the assertions (a), (b) are true for any A’ such that dim, r(4") <1. Let
A € A, where dimr(4) = I. First, we prove (b). Let I be any ideal of A, set
A' = A/l, a = o(l). It is immediate that « is surjective. To see that « is also in-
jective, it suffices to show: given g € A[[x, y]], if its image g’ in A'[[x, y]] satis-
fies g'(W’, ©) = 0, then g(¥, ¢) = =my; !, with m; € LVi,j. (This follows ‘
from the fact that A’ is a finite A4-algebra. Hence A[[V, ¢v]]® , 4’ =
AllV, ¢]] &, A'and (Z2pg,) ® 1 = 2 (g; ® 1)) Consider such a g. By the
induction hypothesis (a), the relation g'(y’, ¢") implies the existence of an ' €
A'[[x, ¥]] such that g’ = h'f’, where f' is the image of fin A'[[x, y]]. Lifting to
A[lx, y]], we get a relation g — hf = Em,x'y/, m;; € I. By making x = ,y =
v, we get g(¥, 9) = Emiinl/‘w’ , and (b) is true. Now we show (c) of Lemma 1.7,
which is equivalent to (a). Write B = A[[{, ¢]]; we shall see that B is A-flat. By
using the infinitesimal criterion (see [8, 20.C]), it is enough to check the following:
let e EA, e # 0 such that eM = 0,7 = (¢), A, = A/J; then () B ®, A, isA,-
flat, (ii) j: J ®, B — JB is injective. To see (i), note that by (b) (Which was al-
ready proved), B ®, A, = A,[[¥,, ;1] (Where ¥, ¢, are ¥, v, respectively,
mod J). But dim, r(4,) </; hence, by induction hypothesis (a) (or (c)), B ®,
A, is A, flat. To check (ii), consider an element of Ker(j). It can be written as
€ ® g(¥, ¢), & € A[[x, y1], where eg(¥, ¢) = 0. Write g = Z(c;; + m)x'y/,
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where ¢; €k, m;; € M. Let q(t) = Zc; ¥y’ € A[[t]]. The condition eM = 0
implies 0 = eg(Y (1), ¢(t)) = q(¢); hence res(g) = 0, i.e., all the coefficients of ¢
are in M. Then, writing ¢, = res(y), ¥, = res(¥), Ecii%w{, = res(q) = 0. By in-
duction (actually by (a) in the case 4 = k), we have 0 = Zc;xlyl —
fo(x, Y)ho(x, y); lifting this to A[[x, y1] we get Zc,;xy! - f(x, y)h(x, y) =
Zrijx'yf , Where r,; € M, Vij. By making x = ¢,y = ¢, we get Ecil-nlz’npi =
Zr;¥'¢l. Hence,g(¥, ¢) = Es,.jw’cpi , where s; = r;; + m;; € M, Vij. But (€) ® 4
B is a finite B-module. As B is complete, (¢) ®, B is separated in the N-adic to-
pology (N = r(4)). Hence e ® g(¥, ¢) = Z, ;(s;;€ ® ¥'¢/) = 0 (because el = 0).
Thus, both (a) and (b) hold for 4 and the propostition is proved.

PROPOSITION 1.8. Let A € A, I an ideal of A such that A' = AIIE A, fa
deformation of f,, over A, (, ¢) a parametrization of f, and V' (resp. ¢") ¥ (resp.
¢) mod L Then there is a canonical isomorphism A[[Y, ¢]] ®, A' =
AV, o'

PrOOF. Apply the argument of the proof of (b) in the inductive step of
1.6, taking into account that 1.6(a) holds for A'[[Y’, ¢']], because 4’ € A.

THEOREM 19. We keep the notations and assumptions of Proposition 1.5,
except that now A is assumed to be in A,. Then the following (equivalent) state-
ments hold:

(a) A[[x, ylV/P is A-flat.

() P = (f) = ideal generated by f.

PrROOF. First, we see the equivalence of (a) and (b). The implication (b) =
(a) is well known (see Lemma 1.7). To see that (a) implies (b) we consider the
exact sequence of 4-modules, 0 — K — B/(f) — B/P — 0, where B =
A[lx, ¥]]. After tensoring with A/M?, where M = r(4) and i any natural number,
the sequence remains exact (since B/P is A-flat). But, by 1.7 and 1.8, the new se-
quence is isomorphic to

0 — K/IMK — AIM[Y;, o)1 > AMT[Y;, 011 — 0
(where ¥,, ¢; are the canonical images of ¥, ¢ respectively). Hence K/MK = 0.
It follows that K* = 0, where K™ is the completion of K with respect to {M'K},
i=1,2,.... Butif N=r(B), then N, N’K = (0) (since B is complete, hence
a Zariski ring). Hence K is separated in the M-topology, and K C K* = (0) im-
pliesK =0, ie., P = (f).

To show (a), by the infinitesimal criterion it suffices to check that the A/M?-
modules B ®, A/M! are flat for all { > 1. But (calling 4, = A/M*1) we have,
by 1.8, isomorphisms B ® A4; = A/[[V;, ¢;]]. Since 4; € A for all i >0, we are
done by Proposition 1.6(a).

REMARK 1.10. Let 4 € A, o(t) be a power series in A[[¢]] without constant
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term, n a positive integer. Consider I’ | (y — p(€t)), where € is a primitive nth
root of 1. Then clearly this series is of the form h(t", y) € A[[t",»]]. Let x =
t". The series h(x, y) is called the series associated to (¢, (). If (¢", ) satis-
fies Definition 1.2 (b), then clearly (¢, ) is a parametrization of 4. Note also
that A(x, y) = y" + B, (x)y""! + ...+ B,(x), B;(x) € A[[x]], B;(0)=0,i=
1,...,n. Moreover, if (", v) is a parametrization of f, where f is a deformation
of fy, then, by Theorem 1.9, there is a unit u € A[[x, y]] satisfying uf = h.
From this and the Weierstrass preparation theorem, it follows that 4 is the unique
Weierstrass pseudopolynomial associated to f. In particular, if (t™, ¢") is another
parametrization of f, then n = m = degree of the pseudopolynomial associated to
f

In the following proposition, we are indebted to the referee for a simplifica-
tion of its proof.

PROPOSITION 1.11. Let A € A, f € A[[x, y]] be a deformation of f,,
(T, ¢) a parametrization f, where o(T') = o(T'). Then any other parametrization
(N, ¥) of f, where o(N) = o(N), is associated to (T, ¥).

ProoF. By Proposition 1.5 and Remark 1.10 we may assume ' = N = 7.
Note that 1.11 is an easy consequence of 1.10 if 4 is an integral domain; in fact,
if w is a primitive nth root of 1, then 0 = f(t", Y(£)) = ML, (Y(?) — (WD) in
the domain A[[¢]], hence Y(f) = ¢(w't), for some i.

For the general proof, we shall show that there is an nth root w of 1, such
that p(wt) = Y(#). Consider two cases:

Guse 1.A €A, ie., dim, r(4) <. We induct on ! = dim,r(4). Forl=0
we have 4 = k, an integral domain, and we see that the assertion is true. For the
inductive step, given 4 € A, consider a small extension p: 4 — A4’, i.e., p is onto,
Ker(p) = I = (€), where er(4) = 0. Let ¢’ (resp. ¢') be induced by ¢ (resp. ¥)
in A'[[¢]]. By induction we have ¢'(wf) = ¥'(f), where w € k, w" = 1. Let
9, (£) = p(wr); we show v, = ¢. But ¢, — ¢ = ea, a € k[[t]] because ¢, =
¥ mod 7, and eM = 0. Hence, a simple computation gives

0=f(t",<pl)=f(t”,\ll+€a)=€a(a/ay)f0(t", lllo),

where Y, = res(¥). But af,(t", ¥o)/dy # 0, since (t", ¥,) is a parametrization
of the branch f,. Hencea=0,ie., ¢, = {.

Case 2. A € A,. Let M= r(4). By Case 1, there is an nth root w such that
o(wt) = Y(t) (mod M™), Vm. Hence, p(wt) = Y(¢) by Krull’s theorem.

The following is an easy consequence of 1.11, and we omit the proof.

COROLLARY 1.12. Let A, f, (T, p) be as in 1.11,I an ideal of A, A' = A/,
[’ the deformation over A' induced by f. Then any parametrization (N', ¥") of f',
where o(N") = o(N"), can be lifted to a parametrization of f.
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2. Equisingular deformations. The classical definition of the characteristic of
a parametrization over a field can be applied to the case of rings.

DEFINITION 2.1 [16,p.289]. Let A€ A, fE A[[x, ¥1l, (", ¥), ¥ =
Ea,t’, be a parametrization of f. The characteristic of (¢", V), denoted ch(¢", V),
is the sequence of numbers (n; 8,, ..., Bg), where the §; are defined by the fol-
lowing conditions:

@n>Mm,pP>...>Mnp,..., ﬁg) = 1 (where () denotes greatest
common divisor).

(b)ap]¢0,j= 1,...,8.

© ﬁi is minimum, i.e., if 8;, ..., Bj_l have been defined, and (n, §,, . . .,
Bi_1) > 1, then B; is the smallest g such that a, #0and (n, By, ..., 1) >
n,Bys..., ,-_l,q).

In the classical case (when the base is a field), an important result about
characteristics is the inversion formula. This result remains valid when we replace
afield by A € A,. We have

THEOREM 2.2 (INVERSION FORMULA). Let f € A[[x, y1, (¢, ¥) a parame-
trization of f, g = a,t" + ..., ¥ =b,t™ +...,a,,b, units, let ¢", ¥,),
(¢, t™) be associated to (¢, ¥), and (n; By, . - . , B), (m; By, - - . , B) be their
respective characteristics. Then: (a)if n<m <p,,thenh=g +1, ﬁ', =n,
Boy1=B,+n-mwv=1,...,g (b)in all other cases, g = h and §, =B, +
n-mv=1,...,g.

ProoF. The proof given by Abhyankar [2] applies without changes. In
fact, that proof works when we replace a field by a ring having the property that
given a unit u and a positive integer p, then !/ exists in the ring. Any 4 € A ¢
has this property.

For the rest of §2 we shall assume that the y-axis is not tangent to X, =
Spec k[[x, y1V/(fy), i.e., that o(f,(x, ) = o(fo(0, »)) = n. This is not a loss of
generality since f;, is irreducible and, hence, has only one tangent line; so by inter-
changing x and y (if necessary) we may make the above assumption.

DEFINITION 2.3. Assume f is a deformation of f;, to 4 € A, which admits
a parametrization (¢, ¥). We shall say that the parametrization is equisingular if:

(@) n = o(fy) = o(yp) = o(¢) <o(¥).

(b) There is a parametrization (2", y') associated with (¢, ¥) such that
ch(t”, ¥') = ch(t”, res(y")).

In this definition, apparently one is giving a privileged role to the variable x.
If also o(¥) = o(¥) = n, this is not reasonable. But one easily sees by using the
inversion formula that if this is the case, then (y, ¥) is equisingular, in the sense
of 2.3, if and only if there is a parametrization (y', t") associated with (y, ¥)
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such that ch(¢’, £*) = ch(res(o"), ).

Note that by Proposition 1.11, if a deformation admits an equisingular para-
metrization (¢", ¢); then any other parametrization (¢", ¢") will be equisingular of
the same characteristic.

DEFINITION 2 4. (a) A deformation f of f;, over 4 € A, is called Pequisin-
gular if it admits an equisingular parametrization.

(b) If fis a P-equisingular deformation of f;, the characteristic of f is
ch(t”, v), where (t", ) is any equisingular parametrization of f.

LEMMA 2.5.Given A" € ob(A,), A = A"/l (a quotient of A"), f € A[[x,y]]
a deformation of f, admitting a parametrization (t", v), there is a deformation
[’ € A'llx, y1l of f,, parametrized by (t", ¢"), such that f' and ¢' reduce to f
and ¢ mod I respectively, and o(p) = o(¢"). If (t", ¢) is equisingular, (t", ¢") can
be taken equisingular.

PROOF. Let & = T, (¥ — p(€'x!/™)) (e a primitive nth root of 1) be the
series associated to (", ¢). Then uh = fis a unit by 1.9 and 1.10. Lift u, ¢ =
Za;t! to power series u', ¢’ = Zajt’ over A’, taking care to take a; = 0 if g, = 0.
Then f' = u'n’ (where k' is associated with (¢7, ¢")) and ¢’ clearly satisfy the re-
quirements.

. REMARK 2.6. Note that if 4 — A4’ is a homomorphism in A, and f €
A[[x, y]] is a P-equisingular deformation of f;, to 4, there is a naturally induced
equisingular deformation f’ of f, over A’ defined in an obvious way.

Now we proceed to compare Definition 2.4 with other definitions of equi-
singularity.

REMARK 2.7. (a) Zariski has defined a notion of equisingularity of deforma-
tions (which we shall call Z-equisingularity) valid for f;, not necessarily irreducible,
but restricted to the case when the “parameter ring” A is regular. We recall the
definition in the case of a branch f, (see [16]). Assume fis a deformation of f,
over 4, o(fo(x, »)) = o(f,(0, »)), ie., x is a transversal parameter and 4 € A,, is
regular. Let X = Spec(A[[x, y1V/(/)), Y = Spec(4[[x]]), p: X —Y the projec-
tion induced by A[[x]] — A[[x, ¥])/(f). Then the following assertions are equiv-
alent.

(i) The branch locus of p equals ¥(x), the set of zeros of the parameter x.

(ii) The characteristic of the branches defined by f,, € k[[x, y]] and f €
K[[x, 1] (X an algebraic closure of 4) are the same. (The characteristic of a
branch g [with the y-axis not tangent to it] is ch(¢", ¢) for any parametrization
(", ¢) of g. It is a well-defined notion [16, §4]. Thus, (ii) says that the “special
curve” f, and the “generic curve” f are equivalent [as curves defined over K]. See
[16] for details.)
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(b) J. Wahl [13], has introduced another notion of equisingularity along a
section (valid for f; not necessarily irreducible, and any A4 € A,) essentially by re-
quiring, in a suitable sense, equimultiplicity of the original deformation of its “re-
duced total transform”, of the reduced total transform of this, etc. Actually, we
do not need the precise definition, but the following two results found in [13]
(from now on W-equisingular will mean equisingular, in Wahl’s sense, along the triv-
ial section).

(i) Keeping the notations of (a), if f is a deformation of f; over a regular
ring 4, then fis W-equisingular if and only if it is Z-equisingular.

(ii) Given 4" = A/I (4', A in A,) and a W-equisingular deformation f' of
fo over A', then f' can be lifted to a W-equisingular deformation f of f,, over 4.

THEOREM 2 8. Let f be a deformation of f, over A € A,. Then f is P-equi-
singular if and only if it is W-equisingular.

Proor. Consider first the case in which A is regular. Then, by 2.7(b)(i),
the notions of W- and Pequisingularity coincide. If f is P-equisingular, then it im-
mediately follows that the curves f,, and f € K[[x, y]] (K an algebraic closure of
A) have the same characteristic; hence, f is Z-equisingular. Assume now f is Z-
equisingular. We may assume, after interchanging x and y if necessary, that
o(fo(x, ¥)) = 0o(f,(0, y)) = n. By 2.7(a)(i) we conclude, using Abhyankar’s lem-
ma [1, Theorem 4], that the normalization of A[[x]] in the field of fractions of
B = A[[x, y]V/(f) is A[[x]][¢], where t" = x, and clearly contains B. Then we ob-
tain a parametrization x = t",y = Zb,t!, b; € A. It is elementary to see that the
assumption of Z-equisingularity (see 2.7(a)(ii)) implies that this is an equisingu-
lar parametrization, in the sense of (2.3). Hence, f is P-equisingular.

Consider now the general case. Let fbe a W-equisingular deformation of f,
over A € A,. Write 4 = R/I, where R € A and is regular. Lift f to a W-equisin-
gular deformation g of f,, over R. By the regular case, g is Pequisingular. Hence
its pull-back f is P-equisingular. The other implication is similar (using Lemma 2.5
and the fact that the pull-back of a W-equisingular deformation is W-equisingular).
Theorem 2.8 is proved.

By Remark 2.6, given a branch f; we may define a functor P: A, — (Sets)
by

P(4) = {P-equisingular deformations of f,}/similarity.

By Theorem 2.8, together with the fact that any deformation of £, equisin-

gular in Wahl’s sense, js similar to one which is equisingular along the trivial sec-

tion (see [13]), it follows that P is isomorphic to Wah!’s equisingular deformations
functor. Since this has a smooth hull, it follows:

COROLLARY 29. P has a smooth hull.
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REMARK 2.10. It is not difficult to give a direct proof of 2.9, independent
of [13], by using Schlessinger’s criterion. See also Remark 5.8 where a versal de-
formation is constructed with other methods.

To finish this section, we shall extend to our situation another classical con-
cept of the theory of branches. Let B = k[[x, y]], (¢, ¢) be a parametrization
of fy (then B/(f,) =~ k[[t", 1] C k[[¢]]). The set {m € Z/m = o(g),g €
k[[t", ¢]]} is a semigroup independent of the chosen parametrization of f;; we
denote it by S(B). It is also known that this semigroup depends only on the char-
acteristic of fj; i.e., if fo and f(; have the same characteristic, then S(B/f,) =
S(B/fy). In particular, if f € k[[x, y]] and k¥ C K, another algebraically closed
field, then S(k[[x, y1V/(f,)) = SKI[x, ¥1V/(fo))-

Thus given a characteristic ¢ = (1; 8, - - . , B;) (i, a sequence of numbers
such that for some branch f;, ¢ is the characteristic of f;), we can define S(c) in
an obvious way.

Similarly, given a deformation f of f; over 4, with a parametrization (¢", y),
consider the semigroup {m € Z/m = o(g) = o(g), some g € A[[t", ¢]]}. Asa con-
sequence of Proposition 1.11, this semigroup is independent of the parametrization
and is denoted S(4[[x, ¥11/(f)).

THEOREM 2.11. Let f be an equisingular deformation of f, over A € ob(A,).
Then S(A[[x, y1V(N) = S&[[x, y1V(f,))-

ProOF. Call B, = k[[x, y]V(f,), B = Allx, y1V(f). Let (", ¢) be an
equisingular parametrization of f; then (t", 9,) (¢, = res(y)) is a parametrization
of fo. The inclusion S(B) CS(B,) is clear from the definitions.

To see that the equality holds, note that we may assume A regular. In fact,
assume the result true for regular rings, then write 4 = R/I, R regular, and lift
f, ", 9) to g, (t", ¢'), where g is an equisingular deformation of f; over R and
(t", ¢') is a parametrization of g. Then we get a diagram of subsets of Z,

S(C) - SB)
N i
S(B,)
where C = R[[x, y]V/(g). By our assumption, i is an equality, hence, j must also
be an equality.

So, assume A regular, of maximal ideal M. By contradiction suppose S, =
S(Bo)\S(B) # &, and let m be the first element of S;. Since m € S(B,), there is
h(x, y) € k[[x, y]] such that g = h(t", 9,) = t™ + higher. Since k C 4, we can
view A as an element of A[[x, y]] and take

0y g=h(",9)= amltml + higher, Ay # 0.
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We have m; <m and, since g =z (mod M), a,, is a unit. If m=m,, thenm €
S(B), a contradiction, and we are done. So assume m; <m. Consider the gener-
ic curve of the family defined by f (i.e., Spec(B) — Spec(4)) defined over the
field KX, an algebraic closure of 4, by the equation f = 0 (we follow the termino-
logy of [15, I1]). (1) shows that m; € S(K[[x, ¥]}/f). But by Theorem 2.8 and
Remark 2.7(a), the branches K[[x, y1)/(f) and K[[x, ¥])/(f,) are equivalent.
Hence, they have the same semigroup, and m, € S(K[[x, y]V/f,) = S(B,). Since
my <m, by minimality of m we have m;, € S(B). Thus, we can find g, € B,
g =t"'+.... Henceg-a, g = Bmyt" 2 +...)EB,my <my. Note
that the coefficient of #™ is a unit because ,, € M; hence my <m. If m, =
m, we have a contradiction. If m, <m, we proceed as before to get g, €B,
g = t™2 + ... . Continuing in thic way, after a finite number of steps we ar-
rive at a series t™ + . .. € B, a contradiction.

Recall that given a subring B of k[[¢#]] (such that k[[¢]] is a finite B-module)
the conductor of B in k[[]] (i.e. the set of elements b of B such that bk[[t]] C
B) is of the form (¢9)k[[¢]] for some integer d > 0. This number d is called the
degree of the conductor. If By = k[[t", ¢, ]], where (¢, ¢,) is a parametrization
of the branch fj, then d depends only on the characteristic of the branch (see,
e.g., [4, Introduction]).

Thus, we may talk about the “degree of the conductor” of a characteristic
c=(mBy, ..., Bg). Working over rings we have

COROLLARY 2.12. Let f be as in Theorem 2.11, (¢t", ¢) a parametrization
of fie=(mBy,..., g) = ch(t”, ¢), d the degree of the conductor of ¢. If a €
A[[t]] and o(a) = d, then a € A[[t", ¢]].

ProoF. Write By = k[[t", 9o]] (¢o = res(y)) and B = A[[t", ¢]]. Let
o) = 232 ,,a;t',a,, #0. Clearly m € S(B,), since m >d. Hence, by Theorem
2.11, m € S(B). Hence, there is @, = a,,t™ +...€B. We wiite a = a,,, +
B, +15 then 0(B,, 4 ) = m + 1. Repeating this process and using the complete-
ness of B, we see that « € B.

COROLLARY 2.13 ([3, LEMMA 1]). We keep the notations of Corollary
2.12.

(2) Then there is a unique polynomial P € A[t] of the form P(t) = 14
Z,crb;t!, where R = {i € ZIB, <i<d,i€ S(c)} such that A[[t", W] =
A[[e", P

(b) There is an automorphism ¢ of A[[x, y]] such that (t", P) is a paramet-
rization of ¢(f).

PROOF. Let ¢(r) = Zq;t’. Then, since B, is the first characteristic number
and (t", y) is equisingular, o(t) = Q(¢) + Zixp la,.t‘, where a = g, , s a unit and
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0(1) = Zpicp la,,,-t"" €B. Let g, =a (¢ — Q) €B. Consider the first expo-
nent r such that r € R, a, # 0 and r <d. Then r € S(c); hence, there is a =
a,t” +...€B. Thenin ¢, — a the coefficients of t! (j <r) are the same in
¢, , and the coefficient of ¢ is zero. Continuing in this way, after finitely many
steps, we get § € B, such that 9, — 8 =P + v, where o(y) = ¢. But, by 2.12,
vy €B and, hence, PEB. Thus P = Eai,-(t")"pf , and a simple argument with or-
ders shows that a,, is a unit and, hence, there is a series A(x, y) = Zb;x'y/,
b, € A, such that ¢ = A(t", P). Hence, A[[t", P]] = B. The proof of the
uniqueness of P is also elementary and we omit it. To see (b) it suffices to take
the automorphism defined by (x, A(x, »)).

Given a characteristic c = (n; ;, . . ., Bg), we shall write R(c) = {i €
Z/B, <i<d,i&S(c)}, where d = degree of the conductor of c.

3. A theorem on truncations. In this section we shall use a more geometric
language. The category of affine schemes of the form Spec(4), where A € A,
with the usual morphisms of schemes will be denoted by S.

DEFINITION 3.1. A formal family of plane branches is a system & = (m, X,
Y, s) (where Y = Spec(4) € S, m: X — Y and s: Y — X are morphisms) such
that for some f € A[[x, y]] (with f(0, 0) = 0 and res(f) irreducible) there is a
commutative diagram

X -2 Spec(A[[x, y1Vf)

) 11\ /p
Y

(a an isomorphism); moreover, if s’ is the trivial section of p, then as = s'. We
call X and Y the total and parameter space of &, respectively.

For the rest of this section, the term “family” shall mean “formal family of
plane branches”.

DEFINITION 3.2. If fin diagram (1) is an equisingular deformation of f, =
res(f), then the family is called equisingular; the characteristic of f is called the
characteristic of the family. If & is an equisingular family of characteristic ¢, we
shall say that & is a c-family.

DEFINITION 3.3. We keep the notation of 3.1. The pth truncation of a
family § is the system &, = (Il,, X,, Y, s,) where X,, is the subscheme of X de-
fined by I**! (I = ideal defining s(Y)) and I1,: X, — Y and 5,: Y — X, are
induced by 7 and s, respectively.

An isomorphism of families 3,- =(m, X, Y,s), i=1,2,is an Y-isomor-
phism X; — X, commuting with ; and s;, i = 1, 2. Isomorphisms of v-trunca-
tions are defined similarly.

THEOREM 3.3. Given a characteristic ¢ = (n; By, . . . , Bg), there is an inte-
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ger vy = 0 with the following property: if 8, G are c-families with the same param-
eter space Y, and if for some v 2= v, there is an isomorphism of v-truncations,
then & is isomorphic to G.

REMARK 3.4. Note that the number v, depends on the characteristic ¢
only. This theorem is well known when the parameter space of & and G is a
point [7, Theorem A]. Our proof follows closely the classical one, using the re-
sults of §§1 and 2.

Before the proof of 3.3, we need some preliminary results.

REMARK 3.5. Recall that given Z = Spec(4[[x, y]]), 4 € A, we can take

the blow up of Z with center Y, the subscheme defined by the ideal (x, y). It is
the union of two affines Z; = Spec(4[[x;, »;]]), i = 1, 2, conveniently patched.
Given f € A[[x, y]], X the subscheme of Z defined by (f), we can take the prop-
er transform of X, which is defined over Z; by x7°f(x,y,,»,), over Z, by
3°f(xy, x5 ¥,), where s = o(f). Assume now that fis a deformation of an irre-
ducible f, € k[[x, y]], admitting a parametrization (t", ¢), ¢ = a,,t™ + ...,
m = n. Note that then n = o(f) = o(f(0, )). Consider f,(x,, y,) =
x{"f(x;y1,»,)- If m> n, this power series has no constant term. If m = n, we
have f,(0,a,) = 0. In fact, from f(¢", ¢) = 0 we get ¢"f,(t", t "¢(t)) = 0;
hence, f,(t", t 7"¢(f)) = 0 and, making ¢ = 0, we have f,(0, a,,) = 0. So in any
case we can write f,(x;,,) = f'(x;, y, —a,). We note: (a) f'(x', y") is a defor-
mation of the proper transform of f;, (b) f; admits the parametrization (¢", '),
where ¢'(f) = t " o(t) - a,. The series f|, together with this parametrization, is
called the parametrized transform of the curve f (with the parametrization (¢*, y)).

Similar definitions are given if f admits a parametrization (¢, t*), o(¥) = n.

Next we prove two elementary lemmas which are used in the proof of Theo-
rem 3.3.

LEMMA 3.6. Let f € A[[x, y1] be a deformation of an irreducible fH €
kllx, 11, assume f admits a strict equisingular parametrization (¢, o) (see 1.3(ii)),
and let ', parametrized by (t", ¢") be the parametrized transform of f. If
o(cp') < n, then the initial coefficient of ¢' is a unit.

PROOF. Let the characteristic of (", y) be (n; B, .. ., B) and ¢ =
ZZmt' @, aunit). If m>n, then ¢’ = T2 g, hence, the leading co-
efficient is again a,,,a unit. If n = m, then we claim that in ¢, a;=0forn<
i <B,. In fact, assume by contradiction that [ is the first such index with a ¥
0. Since B, is the second characteristic number, I = qn,q = 2. Then, as we
have ¢'(f) = t ™"o(t) —a, = q;t @ D" + . by our assumption o(¢") < n we
get (¢ — 1)n <n; hence, ¢ < 2, a contradiction. Hence ¢'(f) = ag ltﬂ‘_” +..
and ag is a unit (by equisingularity).
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LEMMA 3.7. Let f = Zayx'y* be a deformation (over A € A,) of an irre-
ducible f, € k[[x, y1], let (t", ¢), ¢ = a,,t™ + ..., m > n, be a parametrization
of f. Then: (1) ag,, is a unit of A; (2) a, = n"'ag,ay ;.

PRrROOF. Write f = uh, where k is the series associated to f, and « a unit in
A[[x, ¥1] (use Remark 1.10). Then (1) and (2) easily follow by comparing the
forms of lowest degree of f and uh.

REMARK 3.8. Recall that, given a branch f,, the set {n € Z/ a sequence of
quadratic transforms of length n desingularizes f;} is nonempty. Its minimum is
denoted o(f,). Actually, this number depends on the equivalence class of f;,
i.e., given branches f;, g, such that ch(fy) = ch(g,), then o(fy) = o(gy). Thus,
we may define o(c), for a characteristic ¢, as o(f,), where £ is any branch such
that ch(fy) = c. See [15] for more details.

LEMMA 39. Given a characteristic ¢ = (n; By, . . ., Bg) and an integer s,
there is @ number r (depending on c and s) such that if f, g are equisingular defor-
mations of c-branches fy, g,, respectively, admitting strict parametrizations (",
V), (t", w) (with o(Y) = n, o(w) = n), then a congruence f = g mod(x, y)" im-
plies the existence of parametrizations V', ' associated with Y, w, respectively,
such that ¥' = ' (mod t°).

ProoF. The proof is by induction on o(c). If o(c) = 0, then the curves f,,
8, are nonsingular and the lemma is easy, by solving y in terms of ¢ = x.

Assume 3.9 true for characteristic with ¢ < p. Consider ¢ with o(c) =
p>0. If f=gmod(x, y)**1, then necessarily the nth coefficients of ¥ and w
are equal, say toa € 4. In fact, if hg denotes the sum of homogeneous terms of
degree g of a series h, we have f, =g, anda = —n"! (coefficient of xy™~! in
f,)) (cf. Lemma 3.7). Thus the proper transforms of f and g will be f,(x,, y,)
and g,(x,, y,), respectively, which admit parametrizations (¢", ¥,), (¢", w,),
where ¥, (#) = ¥(©)/t" —a, w,(t) = w(t)/t" —a. By Lemma 3.6 the initial co-
efficients of ¥, and w, are units. These are equisingular parametrizations (clear
if o(Y) = 2n, otherwise a consequence of the inversion formula), and if ¢’ =
ch(f;), then o(c’) < a(c).

Given the integer s, let 7' be the number that, by induction, corresponds to
c’. We claim that r = 7' + n satisfies the requirements for ¢ (and note that ¢’ de-
pends only on ¢, not on the particular curve f). In fact, if f= g mod(x, y)" “+n
then f; =g, mod(x,, y,)" . Then by induction there are parametrizations (¢",
¥}), ", w)) associated with ¢, and «y, respectively, satisfying w) =
¥} mod 57" (clear if o(y/,) > n, otherwise by induction and the argument in the
proof of 1.5). Then (¢, t*(¥ +a)), (t",t"(w) + a)) are parametrizations of
f, g, respectively, congruent mod(¢®), and associated with { and w, respectively
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(by Proposition 1.11). This proves the lemma.

PROOF OF THEOREM 3.3. Let the total spaces of & and G correspond to
rings B = A[[x, ¥])/(f) and B' = A[[x, y])/(g), respectively (cf. Definition 3.1,
especially diagram (1) there). Consider an integer » 2 0 and assume there is an
isomorphism of truncations 3, =~ (G,. Itis easy to verify that the isomorphism
%,, ~ (5, implied the existence of an automorphism ¢ of A[[x, ¥]] and a unit u €
A[[x, ¥]] such that ¢(f) =u - g mod(x, y)’+1.

Thus we may assume (changing the notation if necessary) that f=
gmod(x, y)*+1. Write f (resp. g,) for f (resp. g) reduced mod M, where M =
r(4). Then we also may assume (after a linear change of coordinates, if necessary)
that the y-axis is neither tangent to f, nor gy, and f, g are equisingular deforma-
tions of fy, g4, respectively. Now take v > n. With this choice, we may also as-
sume that f, g admit equisingular parametrizations (t*, ¥), (t", w) and both of
them are strict. (To see this, for instance, we can assume that the x-axis is neither
tangent to f, nor g,. Hence, this series has terms x", y" with nonzero coeffi-
cients, and any parametrizations (¢", ¥), (¢t", w) of f, g, respectively, must satisfy
n=o(¥) = o(¥) = o(w) = o(w).)

Now apply Lemma 3.9 with s = d; write v, = r. Consider v > v,; then, by
Lemma 39, the series f (resp. g) has a parametrization (¢", ¢,) (resp. (t", w,))
with w; = ¢, (mod t9). By Theorem 19, B ~ A[[t", ¥,]], B'~ A[[t", w,]].
We claim the right-hand sides are equal. In fact, write

¥, =P@F) + f‘,a,.z’, w, () = P(t) + fj b;t!
i=d i=d

with P a polynomial of degree less than d. But by Corollary 2.12 the series N =
I ga;t and N' = 22 ,b;¢" are in B and B', respectively. Hence,

Allt", ¥, — N1 = A[[t", w, — N']] = A[[t", P]], and B is A-isomorphic to B'.
It follows that & is isomorphic to G.

DEFINITION 3.10. Given a characteristic ¢, its e-number (denoted e(c)) is the
least integer v, satisfying the condition of Theorem 3.3.

REMARK 3.11. Clearly, if we deal with nonsingular curves (o(c) = 0) then
e = 0. The converse is not true. For instance, if ¢ = (2; 3),e(c) =0. (Itisa
characteristic with “no moduli” [3, §4].)

DEFINITION 3.12. (a) We say that a characteristic ¢ “has no moduli” if, giv-
en an algebraically closed field k, and any two branches of characteristic c, then
they are isomorphic over some extension of k. By Krull’s generalization of the
Nullstellensatz [7, p. 365], if k is algebraically closed, uncountable, then the iso-
morphism can be taken over k. An example is ¢ = (2, 2n + 1), n any nonnega-
tive integer, or (4; 6, 2n + 1), n > 3 [3, §4].

(b) A family § is trivial if it is isomorphic to a family Spec(B) — Spec(4),
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where B = A[[x, yIV(f,), fo € K[[x, »1I.

ProrosITION 3.13. Let ¢ be a characteristic. Then the following are equiv-
alent: (1) ¢ has no moduli.

(2) Any c-family is trivial,

@B)e(c)=0.

PrROOF. The equivalence of (2) and (3) is trivial. To show that (1) implies
(2), first assume the family § has a nonsingular parameter space. By equisingu-
larity, the special and generic curves of & are equivalent (cf. 2.7(a)), hence, by
(1), isomorphic. But Seidenberg proved [11] that in this situation the family is
trivial. The general case reduces to this one by using Lemma 2.5. Finally, to
check that (2) implies (1), take two branches X;, i = 1, 2, of the same character-
isticc= (n; By, . . ., By)- By Corollary 2.13 (with 4 = k) we may assume they
correspond to parametrizations:

(x=t",y=t"+§z)\}ti>, i=1,2, R=R(c).
]

Let {zi}, J € R, be analytic indeterminates; then the families

Spec A,-[[t", £+ > zjti — Spec(4)),

JER
where 4; = k[[{z; - )\;'-}]], JE€R,i=1,2, are equisingular and the special curves
are isomorphic to X;, i = 1, 2, respectively. By (2), these families are trivial,
hence X; (i = 1, 2) is isomorphic (over an extension of k) to the curve paramet-
rized by (¢", t# + Zicr zjti).

4. The complex analytic case. In this section we see that the formal results
of the previous sections remain valid in the analytic (convergent) case. Now we
work over the field C of complex numbers. The ring of complex convergent pow-
er series will be denoted by C{x,, ..., x,}. By an analytic ring we mean a ring
of the form C{x,, ..., x,}/I, I an ideal. Thus, an analytic ring is a local C-alge-
bra in a natural way. The category whose objects are analytic rings, and mor-
phisms are C-algebra homomorphisms, sending identities to identities (they are
necessarily local) is denoted by H. In this and the next section, a branch shall
mean a germ of a plane analytic curve, irreducible at its center (or, by abuse of
language, its local ring). If f, € C{x, y} and is irreducible, the expression “the
branch £, means the germ, at the origin, of the curve locally defined by f,,.
Branches in the sense of §0 will be called, from now on, formal branches.

REMARK 4.1. Let A € H,4A = C{u,, ..., u I, TI: C{u} — A be the ca-
nonical map. Consider the following subset B of A[[x,, ..., x,]]. A series f€
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B if it is the image of some g € C{uy, ..., u,,x{,...,x,} =R under the ca-
nonical map R — A[[x,, ..., x,]] (e., Za,(u)x* — ZM(a,u))x*). It is
easy to see that B is independent of the representation 4 = Clu,, ..., u,}/I
that we chose. It is a subring of A[[x,, ..., x,]] and is an analytic ring. We
shall denote it by A{x,, ..., x,}. Note that if (X, x) is an analytic germ, with
Oxx~A, then Afx;,...,x,} = OXXA",(x,O) (0 = origin of A™).

REMARK 4.2. We shall need the following facts on analytic rings:

(@) If A € H, and u € A4 is a unit, then u has nth roots in 4 for any posi-
tive integer n.

(b) Analytic rings are noetherian, excellent, henselian local rings.

(c) Let A € H be reduced (i.e., without nonzero nilpotents); then A is inte-
grally closed in its completion.

d) Let A € H,f€ A{x, ¥}, v, ¥ be in A{t}. Then the series f(p, ¥) €
A[[£]] is in A{z}.

(e) Given ¢, ¥ in A{z}, there is a unique homomorphism p: A{x, y} —
A{t} satisfying p(x) = ¢, p(¥) = Y. The image of p will be denoted 4{yp, ¥}.
This is an analytic ring.

Points (a) and (b) are well known (see, e.g., [5]). Point (c) is a consequence
of [9, Theorem 3, 126], which says that an excellent henselian reduced ring is in-
tegrally closed in its completion. Points (d) and (e) are easily verified.

With Remarks 4.1 and 4.2(a), (d), it is clear how to obtain the complex ana-
logues of (1.1) to (1.5). To extend other results we need

LEMMA 4.3. Let A be an analytic ring, ¢, ¥ (elements of A{t}) a parametri-
zation of f € A{x, y}. Then:

(a) A{t} is a finite A{yp, Y}-algebra.

®) ({e, ¥}Y =~ A[[o, V11 C indicates completion with respect to the
maximal ideal).

ProoF. We may assume (by analytic (1.5)) that ¢ = ¢”. Then (a) is clear,
since A{t} is finite over 4{t"}.
To see (b), consider the exact sequence 0 — P— A{x, y} —> A{r} (where
a(x) = ¢, a(y) = ¥). Tensoring with A[[x, y]], and using the fact that A{¢} is
A{p, Y}finite, we have an exact sequence R
0 — PAIlx, y1 — Allx, y1l —>Alit11,
a(x) = ¢ =1t",d(y) = ¥. From this the assertion easily follows.

THEOREM 4.4. Let f be a deformation of an irreducible fo EC{x, y}to
A € H which admits a parametrization x = ¢(t), y = Y(t), let p: A{x, y} — A{t}
send x into ¢, y into Y. Then (a) (f) = ker(p), (b) A{p, ¥} is A-flat.

ProOF. Consider the sequence of 4{x, y}-modules
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) 0 — (1) L 4px, y} > att),

where j is the inclusion. By 4.3(a), and the fact that analytic rings are noetherian,
all these are finite 4 {x, y}-modules. Hence, tensoring with A[[x, y]] gives

0 — () — Alfx, 11 2> A111)

By 19, this sequence is exact. Hence, since A[[x, y]] is faithfully flat over
A{x, y}, (1) is already exact, i.e., (a) is proved.

(b) is a general consequence of the fact that if B is local noetherian, then
B — B is faithfully flat.

With this it is easy to obtain the complex analogue of the remaining results
of §1 and all the results of §2 from 2.1-2.5. The definition of the semigroup
S(A{x, y}/(f)) is similar to the formal case and the analogue of Theorem 2.11
holds. In fact, its proof, with minor changes, can be applied to the complex case
too. (Use the obvious fact that S(4{x, y}/(f)) C SA[[x, y1V(f,)), with equality
if A = C. Note that after we proved the analytic version of 2.11, we can easily
see that this inclusion is an equality for any 4 € {{.) Corollary 2.12 also holds,
but it is not clear that the same proof can be used. We prove it in a different
way.

PROPOSITION 4.5. Let f € A{x, y} be an equisingular deformation of the
branch f,, which admits a parametrization (t", ¢). Let ¢, be the image of ¢ in
C{t}, d the degree of the conductor of C{t} in C{t", 9,}. Then any series g €
A{t} of order =d is in A{t", v}.

PrRoOF. By writing A = C{u,, . . ., ,}/I and lifting (", ¢) to an equisin-
gular parametrization over C{u,, . .., u,}, one is reduced to the case when 4 is
a regular ring. So assume 4 = C{u;, ..., u,}. Let g € A{t} of order >d. As
we saw (in 4.3(a)), g is integral over A{t", v}. Also, by 2.12, as an element of
A[lf1), £ € ALl o]] = (A{", ¥})

By using Remark 4.2(d), we conclude g € A{t", ¢}.

Corollary 2.13 extends without problem to the analytic case.

The results of §3 hold, with minor changes (¢.g., in Definition 3.1), in the
complex case. We omit the details.

5. Versal analytic equisingular deformations. In this section, we show that
any analytic branch has a versal equisingular deformation, in the following sense:
DEFINITION 5.1. Let f € C{x, y} be irreducible. A pair (E, k), where E €
H and h € E{x, y} is an equisingular deformation of f;, is called a versal equisin-
gular deformation if (a) given homomorphisms (in H) e;: 4 — A" = A/I, ¢":
E — A’ and an equisingular deformation f of f;, over 4 such that a*(f) is simi-
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lar to ¢'*(#), then there is a homomorphism ¢: E — A4 such that ¢*(h) is similar
to fand ap = a’. (b) In the special case when 4 = k[e] (dual numbers over k)
and I = (¢) (ie., A" = k), ¢ is uniquely determined.

Of course, there is a similar formal definition working over A,. In this for-
mal case the existence of a versal equisingular deformation follows from the re-
sults of [10] and [13] (cf. Corollary 29). One could try to show the existence of
an analytic equisingular deformation by proving the convergence of the formal
one, but this probably leads to complicated computations. In this section we will
show directly the existence of the analytic deformation which can be done elemen-
tarily using the results of §4. Moreover, the process (which works in the formal
case too) could have some independent interest.

To do this we need some previous remarks and lemmas. In the sequel we
use primes to indicate the analytic version of a result of §§1 or 2, e.g., Theorem
(19)" means the analytic version of Theorem 19.

REMARK §.2. There is a definition similar to 5.1, but, without the equisingu-
lar condition. In this case it is known that an analytic versal deformation (D, h 1)
exists; moreover, D is a regular ring ([6], [12]). In both cases the definition of
versality is weaker than that of 5.1 (namely in (5.1)(a) is assumed that I = r(4)
and 4’ = C), and in [12] only regular “parameter” rings are used, but these results
will be sufficient for our needs.

LEMMA 53. Let c=(n; B;, . . ., B;) be a characteristic, R(c) = R = {i,,

-+ i}, fo € Cix, y} associated with the parametrization (t",t°! + ZierNit)
and assume ch(fy) = c. Let B = C{z,yl - )\,l, R Aim}, g, €EB{x, y} be
associated with (t", t°' + 2,cpz,t"). Then g, is an equisingular deformation of
fo over B, and (B, g,) satisfies Definition 5.1(a).

PROOF. It is obvious that g, is equisingular. To check (a), let ': B — 4’,
a: A — A’ and f € A{x, y} (an equisingular deformation of fo) be given and as-
sume ¥'*(g) and a*(f) are similar. We may assume, after replacing f by its simi-
lar uf (u a suitable unit in A{x, y}), that (writing f' = a*(f)) there is an auto-
morphism of 4'{x, y} (given by ¢’, A’ € A'{x, y}) such that £'(¢'(x, ¥), A'(x, ))
has the parametrization (¢", P'(¢) = ¢t*! + Zicrajt’), where aj = y'(z)). Lift
(¥', A) to an automorphism ¢, A of A{x, y} and consider f1 =f(, A). Let (",
¢) be a parametrization of f;. We may assume (after replacing, if necessary, ¢ by
ot, 6" = 1, by using Proposition (1.11)") that ¢ reduces to P' over A'. Thus, we
get a homomorphism A4 {t", ¢} > A'{t", P'}. Using (2.13), we write A{t", ¢} =
A{t", P}, with P(f) = t*1 + Z.cra;t'. By the uniqueness assertion in (2.13)'(a),
we get q(P) = P', ie., o(a) = a;,i €R. By (2.13)'(b), f, is similar to the series
associated with (#”, P). Now it is clear that the homomorphism y: B — A de-
fined by ¥(z;) = g; satisfies the required conditions.
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LEMMA 5.4. Let f, be an irreducible series in C{x, y}, A a reduced ring in
H, f € A{x, y} a deformation of f, over A. Assume that as a formal deformation
[ is equisingular. Then as an analytic deformation f is equisingular.

ProoF. We may assume, interchanging x and y if necessary, that the y-axis
is not tangent to f,. By the preparation theorem we may also assume
) [, =y"+A4,0)y" T+ +4,();  A4;(x) EA{x]

By assumption, f has an equisingular parametrization x = t",y = ¢(t) €
A[[£]). It follows from (1) that ¢ is integral over A[t]. Then, by Remark 4.2(c),
¢ € A{t}. The lemma is now clear.

We need the following lemma on formal deformations.

LEMMA 5.5. Let f € A[[x, y]] be a deformation of a formal branch f,,. As-
sume (a) A is an integral domain, (b) the series f (regarded as an element of
K[[x, y11, where K is an algebraic closure of A) is irreducible and ch(fy) = ch(f).
Then f is an equisingular deformation of f,,.

PROOF. The proof is by induction on o(f;) (cf. Remark 3.8). Assume
o(fy) =0, ie., f, is nonsingular. Then in f(x, y) = Ea,-jx’y’ either @, or ag, is
a unit. If, say, a,, is a unit, then by solving y in terms of x we get a parametri-
zation which clearly is equisingular.

Assume now o(f,) = and the lemma true for ¢ <r. Let ch(f;)) = (n;
Bys ..., Bg). We may assume (after a change of variables with coefficients in 4
if necessary) that
) f=y"+h, o(h)>n.

(In fact, clearly we may assume f=f, +...,where f, = a,,x" +...+»",
a; €A. AsfE€K][[x, y]]is a branch, f, = (y — ax)", « EK. But then na =
tay ,_y,ie.,a €A. Now the contention is clear.) Consider the proper trans-
form f' of f. It is a deformation of f; (the proper transform of f,) “centered at
the origin” (by (2)). Let (#", ¢), (", ;) be parametrizations of f and f;), respec-
tively. We distinguish two cases:

(@) 2n <B,. In this case, (", t™"¢) (resp. t", t "¢,) is a parametrization
of f' (resp. fy), satisfying O(t "¢) < n (resp. O(t "¢,) < n), i.e. ch(t”, t™"p) =
ch(f") (resp. ch(t", £ ™"¢y) = ch(fy)). Then it is clear that ch(f") = ch(fy), and
by induction (note o(fy) <) f'is equisingular. Then, by Proposition 1.11,
(t", t™"y) is an equisingular parametrization; hence, (¢*, ) is an equisingular para-
metrization of £,

(b) 27> B,. In this case t ") =at®! +...,0# 2 €K, and t"(t) =
APt ,A#0, 0#X€E€k. By “inverting” (i.e., passing to parametrizations
W), ™Y, Wo(™, 1) of f' and fo and using the inversion formula) we see that
ch(f") = ch(fy). Hence, by 1.11, ¥(7) € A[[r]] and (Y(), 1) is an equisingu-
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lar parametrization. Then clearly its “inversion” (¢, t "y) is a parametrization
in the sense of Definition 1.3 and ch(t", t™"y) = ch(¢", ¢t ™" res(¢)). From this
it follows that (¢", ¢) is an equisingular parametrization of f, and the lemma is
proved.

Finally we need the following well-known result:

LEMMA 5.6. Let A€ H,M=r(4),B=C{x,,...,x,},a: A —> Bbean
injective homomorphism, and assume the induced linear map o': M/M? — N/N?
is injective. Then (i) o has a retraction, (i) & A — B is injective, (iii) A4 is regular.

Now we are ready to prove

THEOREM 5.7. Let f, € C{x, y} be irreducible. Then there is an analytic
versal equisingular deformation (E, h) where E is a regular ring.

PROOF. First of all, we may replace f; by f(; such that C{x, y}/f, =
Cix, y}/f(; and work with this new f(;. Thus, we may assume f;, to be as follows.
Letc=(@;6y,..., Bg) be the characteristic of f,, d= degree of conductor of
¢, S the semigroup associated with ¢c,and R = (i € Z/B, <i<d,i€S}. Then
fo is associated (see (1.10)) with a parametrization

?3) x=1", y=2 Nt
i€R

Let (D, h,) be a (nonequisingular) analytic versal deformation of f;,. Consi-
der the couple (B, g,) of Lemma 5.3. Then by versality there is a homomorphism
¢: D — B such that ¢*(#,) is similar to g,. Let P= Kerp, E=D/P,1I: D —
E be the quotient map, h = l'l*(hl). We shall see that (E, k) is equisingular versal.

To see that it is equisingular, by Lemma 5.4 it is enough to check that the
formal deformation (£, h) is equisingular. By Lemma 5.5, it is enough to check
that h € K[[x, y]] (K an algebraic closure of £) is irreducible, and ch(%) and
ch(f,) are the same. But let j: E = D/g — B be the injective map induced by ¢.
Then j*(h) is similar to g, which is an equisingular deformation of f,. If K, is
an algebraic closure of B, then it follows: (i) & € K [[x, y]] is irreducible, and
(ii) ch(#) (computed using K, ) agrees with ch(f,). It is clear that (i) and (ii) are
still true for & € K[[x, y]]. This shows that & is equisingular.

Next, we see that j: E — B has a retraction p. By Lemma 5.6 it is enough
to check that the linear map of tangent spaces (N/N2)' — (M/M?)' (N = rad(B),
M - rad(4), a prime denotes dual vector space) is surjective. By the isomorphism
(natural in R € H) (rad R/(rad R)?)' ~ Hom(R, C[e]), it is enough to verify: given
a homomorphism v: E — ([e], then there is a homomorphism §: B — (C[e] such
that §j = y. But consider the deformation (over C[e]) ¥*(#). By Lemma 5.3,
there is §: B —> C[e] such that *(g, ) is similar to y*(#). Then (Bp)*(n,) is simi-
lar to ('yl'[)*(hl). By the versality of (D, k,) (property (b) in the definition),
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YII = By, ie., yII = GFII. Hence, ¥ = B because II is surjective.
Now we check property (a) in Definition 5.1. Consider the diagram (with
solid arrows)

r5s

%,\’

A—All=A4'
4]

(a is the quotient map) and deformations f (over 4) and f' (over A") of fos we
assume f' is similar to both a*(f) and (¢")*(#). We want to construct ¢ such
that the diagram commutes and ¢*(%) is similar to f. Let ¢’ = ¢gp. Then by
Lemma 5.3, there is Y: f — A such that Y*(g,) is similar to fand ay = ¢'. It
is now clear that ¢ = {j is a homomorphism as we wanted.

To verify property (b) (in Definition 5.1) for (E, h) we must verify: given
v, 7': E — C[e], if y*(h) is similar to y'*(k) then ¥ = 4'. But if y*(h) is similar
to y*(h), then (yI1)*(h,) is similar to (y'I1)*(k,). By versality of (D, k), Y1l =
7'II; hence, y = 7' since 11 is surjective.

That E is regular follows from Lemma 5.6. In fact, we saw already that the
conditions of 5.6 hold for j: £ — B.

REMARK 5.8. The results presented in this section remain valid in the for-
mal case over a field k algebraically closed of characteristic zero. Precisely:

(a) There is a formal versal (not equisingular) deformation of a formal
branch f,. Moreover, over C, the-pair o, h,) is such a versal object. (In fact,
let g, ...,g be elements of k[[x, y]], inducing a basis of the vector space
k[lx, y11/1, where I = (f,, 0fy/ox, 9f,/dy). Then the deformation over
k[[ty, ..., t]] of equation fy + Z3_, t;g; is versal. In the analytic case the con-
struction is similar.) See [6] and [12].

(b) The formal versions of Lemmas 5.3, 5.6 and Theorem 5.7 remain valid
with similar proofs. This gives a proof of the existence of a hull for the functor
P (see Corollary 2.9) independent of Schlessinger’s criterion.

Now we want to compare the analytic and formal deformations of f,.

THEOREM 59. Let f,, (E, h) be as in Theorem 5.7. Then (&, h) is a formal
versal equisingular deformation of f, € C[[x, y]].

PROOF. As in the proof of Theorem 5.7, we may assume that f, is associ-
ated to the parametrization (3) of that proof. Then, as remarked in 5.8(b), and
using the notation of Theorem 5.7, if $: D —> B is induced by ¢ by completing,
Q = Ker(y), and I, : D — DIQ =E’, then (E', l'lr(hl)) is a versal formal equisin-
gular deformation of f,. To prove the theorem it will suffice to verify P=pPD=
Q. But we have a diagram
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B
;i
0—>P—D—E—0

|

0
with exact row and column. Completing, and using Lemma 5.6(ii), we get a dia-
gram with the same exactness properties

l \'G)
O —> top— oy

—0

0—>P—D

which shows that P = Q. The theorem is proved.
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